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The following theorem is proved. If gl ,..,,gSmel is a sequence of & - 1 
elements in a finite group of order n (written additively), then there are n distinct 
indices & ,..., in such that gil + ..* + g$= = 0. 
1. Erdos, Ginzburg, and Ziv [1] proved the following theorem. If 
g1 3-**, g2,+l is a sequence of 2n - I elements in a finite solvable group G 
of order n (written additively), then one can fmd n distinct indices & ,..., & 
such that gil + *** + gifi = 0. 
We shall prove in this paper that the same result holds without the 
assumption that the group be solvable. Moreover, we shall prove that if 
no element appears more than n times in the sequence g1 ,..., gzn+, then 
the set of all sums gil + *se + gin of n terms includes a nontrivial sub- 
group of G. The latter result is a generalization to the non-Abelian case 
of earlier theorems of Mann [2] and the author [3]. 
2. Let S = {gi ,..., gs] be a sequence of s group elements, possibly 
with repetition. If 1 < t < s, we shall let &(S) = &(gl ,..., g8) denote 
the set of all sums gil + .*a + gi:, where i1 ,,.., & are t distinct indices 
(in any order) among l,..., 8. Thus &(S) is independent of the ordering 
of the terms in S. We shall say that CZ~ ,..., av (o < s) is a selection of 
terms from S if the terms a$ can be rearranged to form a subsequence of 
S. We shall use the symbol ( g1 ,..., g& to denote the subgroup generated 
tv a ,..-, gs, and the symbol [ A [ to denote the number of elements in 
a finite set A. 
LEMMA, Let G be a group and let S = { gl ,..., g2U} be a sequence of 2u 
elements in G in which no eIement appears more than u times. Then either 
/ &(S)/ > u + 1 or the following holds. There is a jinite subgroup H of 
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order [ H [ = h, 1 < h < u, and there is a selection of 2h terms aI ,..., a2),, 
from the sequence S such that 
(9 H Q <al ,..-, ~2, 
(ii) all of the terms aI ,..., agh belong to the same coset a + H = 
H + a, and 
(iii) &&al ,..., a 2hw+) = (h - 1)a + H = H + (h - 1)~. 
ProofI Assuming that 1 .Z’,&S)i < U, let w be the smallest positive 
integer such that there is a subsequence E = {al ,..., a& of S of length 
2w in which no element appears more than w times, and such that 
I &An < Iv. Clearly 2 < w < U, If some element appears w times in E, 
relabel the terms so that ur appears w times. For each index 2 < j < 2w 
for which aj # aI, let Ej = {a2 ,..., a+1 , LZ~+~ ,..., Use}. No element 
appears more than w - 1 times in Ej , so, by the minimality of wS 
1 zJYw-l(Ej)\ 2 w. Clearly Z&E) includes each of the four sets 
al + &J% -G.,,-l~~j~ + al, q + GA% &-@d + aj . (11 
It follows that 1 &,JEj)[ = 1 &,(E)~ = w and that the four sets in (1) 
coincide with &(E). Now let B = L&(E). We have 
ZvCMl(EJ = -al + B = B - aI = -aj + B = B - aj ; m 
hence all of the sets Z,&E,) coincide. From (2) it follows that 
B+ai=a3+B=B-t-aj, forall 1 <&j<2w. (3) 
Now let H = {g E G 1 B + g = B]. Clearly H is a finite subgroup of the 
group Q = (al ,..., a& generated by aI ,..., CZAR . By (3) 
B+a<+H-aj=al+B+H-ai==ai+B-aj=B; 
hence a$ + H - oj = H, for all 1 < i, j < 2~. It follows that H Q Q 
and that all of the ai belong to the same coset u + H = H + a. Since 
B + H = B and all of the a6 lie in a + H = H + a, we have that 
B=wa+H=H+woand\H/=/B]=w.Ifweagainietjbean 
index for which LZ~ # uI , then by (2) 
ZW-l(EJ = -al + B = (w - 1)a + H = H + (w - 1)a. 
This proves the lemma. 
THEOREM. Let G be a jinite group of order n IP I, and let 
s = {‘!?I 9..-, gznMl] be a sequence of 2n - I elements of G in which no 
54 J. E. OLSON 
element appears more than n times. Then G has a subgroup K of order 
k > 1 and S has a subsequence T = {a1 ,..., a+& such that 
(0 ir Q (4 ,..., h+k-A 
(ii) aiEa-/-K=K+a,foralll <i<n+k-1,and 
(iii) &(a1 ,..., aa+& = K. 
ProoJ Let K be a nontrivial subgroup of G of minimal order k such 
that there is a subsequence T = {a l ,..., u,,+~-& of S of length n + k - 1 
satisfying 
ai+K= K+aj, forall 1 <i,j<n+k--1. (4) 
(It may be that K = G and hence T = ,S.) We shall prove that 
&(a1 ,..., as+& = K. (9 
From (4) it follows that ci E aI + K = K + aI, for all i = l,..., n + k - 1. 
By (5) Kc (aI ,..., a+,+k-I), and hence, by (4), K 4 (a1 ,..., aa+&. Thus 
it suffices to prove (5). 
Now deny (5). We shall see that this contradicts the minimality of k. 
If A is any nonempty subset of G, let Q(A) = {g o K 1 g + A = A} 
and let R(A) = {g o K 1 A + g = A]. Clearly Q(A) and X(A) are sub- 
groups of K. 
We show now that there is a subsequence {dI ,..., dS} of T, an integer t 
(1 < t < s), and a set A satisfying 
&64 ,..., 4) 2 -4 6) 
IAI >s, (7) 
and 
I QGOI > 1. @I 
Since T has length n + k - 1 and no element appears more than n times 
in T, T has a subsequence W = {bI ,..., bzkSz} of length 2(k - 1) in which 
no element appears more than k - 1 times. Now 
&-& ,..., bS,+& C (k - 1)a + K = K + (k - l)u, 
since all of the terms of T lie in the same coset c + K = K + u. If 
2&(W) = (k - 1)a + K, then 
&c-&l ,a.., bz& + cl + *se + c&+1 = na + K = K, 
where the cc are the n - k + I remaining terms of T not used in W. But 
this implies (5). Hence 1 Zkwl( W)\ < k. By the lemma, applied to W, 
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there is a subgroup H of order Iz, 1 < II < k, and there is a selection of 2/r 
terms d1 ,..., d2h from W such that H Q (dI ,..., &A 4 ,..., dsh E d + H = 
H + d, and &-I(dI ,..., d& = (h - 1)d + H = H + (/I - 1)d. Since 
&44 ,..., ds& C (h - 1)d + K, we have H C K. If ai E d + H for all 
termsaiofT,thenai+H=H+ajforalll<i,j<n+k-l.But 
this contradicts the minimality of k since 1 < /I < k. Hence there is a 
term cl of T that is not in d + H. Let c8 = dsb.+ . Since cl $ d + H 
and C~ EE d + H = H + d, the two cosets H + (/I - 1)d + cr and 
H + (II - 1)d + cz are disjoint. Now let PI = [H + (h - 1)d + cl] u 
[H + (!z - 1)d + cJ. Clearly 1 A \ = 2h and &(dI ,..., dzhas , cl , cJ ZJ A. 
Also H + A = A, so Q(A) 2 H and 1 Q(A)1 > h > 1. Thus (6)-(8) are 
satisfied with s = 2h and t = h. 
We now let s be the largest integer such that there is a subsequence 
l4 ,..., ds} of T, an integer t (1 < t < s), and a set A satisfying 
.W~ ,..., 4.12 4 (9) 
IAl >4 00) 
and either 
I QC4l > 1 or I W9l > 1. uo 
We have A C &(dI ,..., dJ c ta + K = K + ta, and therefore 1 A 1 < k. 
Since .Y < k, there are at least PZ - 1 remaining terms of T not used in 
{4 ,..., d,J. If 1 A 1 = k, and therefore A = ta + K, we have 
A + cl + ‘.* + cnmt = na + K = K, 
where the Ci are any n - t terms of T not in {dI ,..., d8}. But this implies (5). 
Hence 1 A [ < k - I. Now let Q = Q(A), R = R(A), q = 1 Q 1, and 
r = 1 R 1. Since Q + A = A + R = A, Q and R are proper subgroups 
of K, and also q and r divide both 1 A ] and k. Thus 1 A 1 < k - q and 
1 A \ < k - r. Hence 
s<k-q and s<k-r. WI 
Let x1 ,..., xU be the remaining terms of T not used in {dI ,..., d8}, where 
o = n + k - I - s. From (12) we get 
zJ>Pz+q-1 and ll>tl+F--1. (13) 
Thus a > n + 1 since either q > 1 or r > 1. Since no element appears 
more than n times in T, there are at least two distinct elements among 
the x5 . 
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We show next that 
Assume q > 1. Let x$ and xj be any two terms among x1 ,.,., x* , with i # j. 
If A + Xi # A + ~9, let Al = (A + XJ U (A + xJ. Thus 1 Al 1 > 1 A 1. 
But Q + Al = Al, so q divides both 1 A1 1 and 1 A 1. Hence 1 Al 1 > 
I A I + q a s + 2. Also G+& ,..., ds , xc , xj) 2 Al and Q(AJ 2 Q, so 
1 Q(Al)[ > I. But this contradicts the maximality of X. Thus (15) follows 
from the assumption that q > 1. It follows from (15) that ,4 + xi - X~ = A, 
for all 1 < i, j < U. Since all of the diEerences xi - X~ belong to K, this 
proves that Xi - xJ E R, for all 1 < i, j < U. Hence r > I since the 
X~ - X~ are not all 0. Similarly the assumption that r > I implies (16), 
which implies that q > I. This proves (14)-(16). 
Suppose there are two terms xi and x9 such that A + xi + X~ # 
A + x3 + x~. Then the set A1 = (,4 + x* + x~) u (A + .x+ + x<) satisfies 
Q + Al = Al ; hence 1 Q(&l > 1. Also 1 Al I 2 I A I + q 2 s + 2 and 
G+d4 ,*-a> d8 , xs , xj) 2 Al . But this contradicts the maximality of s. 
Thus we have 
A + Xi f Xi zz A -I- xj + Xi 9 for all 1 < i, j < u. (17) 
We are now prepared to show 
xe + A = A + x6, for all 1 < e < 0. 
Suppose, to the contrary, x8 + A # A + xG for some 1 < e < v. Let 
Al = (x0 + A) u (A + G). Thus [ Al I 2 1 A I + 1 > s + I and 
&+&A ,...> 4 , ~2 2 4 . By (15) x@ + A + xi - xi = x4 + A, for all 
L < i, j < v. By (15) and (I?) we have 
A + x8 + x6 - xj = A + xj + xi - xf 
= A -j- xi + xj - xj 
zA+.Xi 
= A + X~ . 
It follows that Al + xt - x9 = Al , for all 1 < i, j < ZJ, and therefore 
1 2X(,4& > 1. But again this contradicts the maximality of s, so (18) holds. 
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Now let g E R. Since g E K and Xi + K = K + Xj , we have 
xi + g - xj E K, for all 1 < i,j < ZI. By (15) and (18) 
A + xi + g - x5 = xi -+ A + g - xj = xi + A - xj 
= A + xi - xj = A. 
Thus .x~ + g - xj E R. This proves that xi + R = R + xj , for all 
1 <i,j<u.Butl <r<,4and,by(l3),u>n+r- l.Thiscontradicts 
the minima&y of/c, which completes the proof. 
COROLLARY. Given any sequence gl ,. . ., gzneI of 2n - 1 elements in a 
jinite group of order n, there are n distinct indices iI ,..., in such that 
a1 + a.0 + gin = 0. 
ProoJ If some element g appears n (or more) times in the sequence 
g1 7-*., g2+I , then the corollary is trivially true since ng = 0. If not, the 
hypothesis of the theorem is satisfied and the corollary follows. 
Finally, we remark that for a non-Abelian group the following stronger 
statement may possibly be true. 
Conjecture. Given any sequence gl ,. .., gzmmI of 2n - 1 elements in a 
finite group of order n, there are n indices iI < a.* < in such that 
&, + -*. + gin = 0. 
This is not known even for solvable groups. 
REFERENCES 
1. P. ERD~S, A. GINZBURG, AND A. ZN, Theorem in the additive number theory, 
IN. Res. Count, Isr. Sect. FlO (1961), 4143. 
2. H. B. MANN, Two addition thwrems, J. Combkatorial Theory 3 (1967), 233-235. 
3. J. E. OLSON, An addition theorem for finite Abelian groups, J. Number Theory, 
to appear. 
